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Abstract. In this paper, the dispersionless D type Drinfeld-Sokolov hierar-
chy, i.e. a reduction of the dispersionless two-component BKP hierarchy,
is studied. The additional symmetry flows of this herarchy are presented.
These flows form an infinite dimensional Lie algebra of Block type as well as
a Lie algebra of Hamiltonian type.
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1. Introduction
Additional symmetry is an interesting topic in the study of integrable hier-
archies which has been studied extensively in recent years. Additional symme-
tries of the Kadomtsev-Petviashvili (KP) hierarchy introduced by Orlov and
Shulman [1] contain one kind of important symmetry, namely, the Virasoro
symmetry, which is closely related to matrix model by means of the Virasoro
constraint and string equation [2, 3, 4]. Two sub-herarchies (BKP and CKP)
of the KP hierarchy also possess the additional Virasoro symmetry [5, 6, 7, 8]
with consideration of the reductions on the Lax operator. The 2-dimensional
Toda Lattice (2dTL) hierarchy introduced by Ueno and Takasaki in [9] is nat-
ural to have the similar additional symmetry because of the similarity between
the KP hierarchy and this hierarchy [4]. For the dispersionless Toda hiearchy
[10, 11], additional symmetries can be used to give string equations and to solve
Riemann-Hilbert problems.
Infinite dimensional Lie algebras of Block type, as generalizations of the well-
known Virasoro algebra, have been studied intensively in literature (see, e.g.,
[12, 13, 14, 15]). In [16], we provide a Block type algebraic structure of the
bigraded Toda hierarchy (BTH) [17, 18]. Later on, this Block type Lie algebra
is found again in dispersionless bigraded Toda hierarchy [19]. We would like
to mention that this Block type Lie algebra is in fact also a special case of
Hamiltonian Lie algebras. As one of four families of the well-known infinite
dimensional Lie algebras of Cartan type (see, e.g., [20, 21]), Hamiltonian Lie
algebras, which usually possess additional structures of associative algebras such
that they form Poisson algebras, appear naturally in Hamiltonian mechanics,
and are also central in the study of quantum groups.
Correspondence: hejingsong@nbu.edu.cn.
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For KP type integrable system, as a reduction of two-component BKP hierar-
chy [6, 22, 23, 24, 25, 26], the Drinfeld-Sokolov hierarchy of D type [23, 25, 27, 28]
has similar reduced double dressing structures as BTH system and also has a
Block (or Hamiltonian) type Lie symmetric structure [29]. A nature question
is whether we can find Block (or Hamiltonian) type Lie symmetry in these
two kinds of dispersionless KP type integrable system (the dispersionless two-
component BKP hierarchy and dispersionless D type Drinfeld-Sokolov hierar-
chy). In this paper, the dispersionless D type Drinfeld-Sokolov hierarchy is
proved to be a good model to derive Block (or Hamiltonian) type infinite di-
mensional Lie symmetry.
This paper is arranged as follows. As a reduction of the dispersionless two-
component BKP hierarchy, the dispersionless D type Drinfeld-Sokolov hierarchy
will be introduced in Section 2. The Block (or Hamiltonian) symmetries of the
dispersionless D type Drinfeld-Sokolov hierarchy will be derived in Section 3.
2. Dispersionless D type Drinfeld–Sokolov hierarchy
2.1. Dispersionless two-component BKP hierarchy. Underlying topolog-
ical Landau-Ginzburg models of D-type, the dispersionless two-component BKP
hierarchy was proposed in [22, 26]
∂L
∂tk
= {(Lk)+, L},
∂L
∂tˆk
= {−(Lˆk)−, L}, k ∈ Z
odd
+ , (1)
∂Lˆ
∂tk
= {(Lk)+, Lˆ},
∂Lˆ
∂tˆk
= {−(Lˆk)−, Lˆ}, k ∈ Z
odd
+ , (2)
where
L = p+
∞∑
i=1
u¯ip
1−2i, Lˆ =
∞∑
i=1
uˆip
2i−1, (3)
and the Poisson bracket { , } is defined by
{f, g} := ad f(g) =
∂f
∂p
∂g
∂x
−
∂f
∂x
∂g
∂p
. (4)
It is easily to find the following antisymmetric condition
L(−p) = −L(p), Lˆ(−p) = −Lˆ(p). (5)
2.2. Dispersionless D type Drinfeld–Sokolov hierarchy. Assume a new
Lax function L which has the following relation with two Lax functions of the
dispersionless two-component BKP hierarchy introduced in last subsection
L = L2n = Lˆ−2. (6)
Then the Lax functions of dispersionless two-component BKP hierarchy will be
reduced to the following Lax function of dispersionless D type Drinfeld–Sokolov
hierarchy [23]
L = p2n +
n∑
i=1
uip
2i−2 + ρ2p−2. (7)
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One can easily find the Lax function L of dispersionless D type Drinfeld–
Sokolov hierarchy will satisfy the following symmetric condition
L(−p) = L(p). (8)
The reduction eq. (6) inspires us to define two fractional operators as
L
1
2n = p+
∑
i≥1
u¯ip
1−2i, L
1
2 = uˆ−1p
−1 +
∑
i≥1
uˆip
2i−1, (9)
which satisfy
L
1
2n (−p) = −L
1
2n (p), L
1
2 (−p) = −L
1
2 (p). (10)
The dispersionless D type Drinfeld–Sokolov hierarchy being considered in this
paper is defined by the following Lax equations:
∂L
∂tk
= {(L
k
2n )+,L},
∂L
∂tˆk
= {−(L
k
2 )−,L}, k ∈ Z
odd
+ . (11)
One can find the terms with p0 in L
k
2n and L
k
2 disappear.
This Lax function L of dispersionless D type Drinfeld–Sokolov hierarchy has
the following dressing structure
L = eadϕ(p2n) = eadϕˆ(p−2). (12)
The two dressing functions have the following form
ϕ =
∞∑
i=1
wip
1−2i, ϕˆ =
∞∑
i=1
wˆip
2i−1. (13)
By tedious but standard computation, dispersionless Sato equations of dis-
persionless D type Drinfeld–Sokolov hierarchy can be derived in the following
proposition.
Proposition 2.1. L is the Lax function of the dispersionless D type Drinfeld–
Sokolov hierarchy if and only if there exists two Laurent series ϕ ϕˆ (dressing
fucntion) which satisfy the equations
∇tk ,ϕϕ = −(L
k
2n )−, ∇tk ,ϕˆϕˆ = (L
k
2n )≥1, k ∈ Z
odd
+ , (14)
∇tˆk ,ϕϕ = −(L
k
2 )−, ∇tˆk ,ϕˆϕˆ = (L
k
2 )≥1, k ∈ Z
odd
+ , (15)
where ∇t,XY =
∑∞
m=0
(adX)m
(m+1)!
∂tY.
In the next section, we shall show that this dispersionless D type Drinfeld-
Sokolov hierarchies have a nice Block (or Hamiltonian) symmetry as its appear-
ance in BTH [16].
3. Block (or Hamiltonian) symmetries of dispersionless D type
Drinfeld-Sokolov hierarchies
3.1. Block (or Hamiltonian) symmetries. In this section, we will construct
the flows of additional symmetry which form the well-known Block (or Hamil-
tonian) type infinite dimensional Lie algebra. Firstly we introduce dispersion-
less Orlov-Schulman operators as follows,
M = eadϕ(Γ), Mˆ = eadϕˆ(Γˆ),
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where
Γ =
xp1−2n
2n
+
∑
k∈Zodd
+
k
2n
tkp
k−2n, Γˆ = −
x
2
p3 −
1
2
∑
k∈Zodd
+
ktˆkp
2−k.
We can rewrite M,Mˆ in terms of L as
M =
xL
1
2n
−1
2n
+
∑
k∈Zodd
+
vkL
− k
2n
−1 +
∑
k∈Zodd
+
k
2n
tkL
k
2n
−1, (16)
Mˆ = −
x
2
L−
3
2 +
∑
k∈Zodd
+
v¯kL
− k
2
−1 −
1
2
∑
k∈Zodd
+
ktˆkL
k
2
−1. (17)
It is easy to see the following lemma holds.
Lemma 3.1. The operators M and Mˆ satisfy
{L,M} = 1, {L,Mˆ} = 1; (18)
and
∂M¯
∂tk
= {(L
k
2n )+,M¯},
∂M¯
∂tˆk
= {−(L
k
2 )−,M¯}, (19)
where M¯ =M or Mˆ, k ∈ Zodd+ .
Proof The following calculation will lead to one part of the first equation of
eq. (19)
∂tkM = ∂tke
adϕ(Γ)
= eadϕ∂tk(Γ) + {∇tk,ϕϕ,M}
= eadϕ(
k
2n
pk−2n) + {−(L
k
2n )−,M}
=
k
2n
L
k
2n
−1 + {−(L
k
2n )−,M}
= {L
k
2n ,M}+ {−(L
k
2n )−,M}
= {(L
k
2n )+,M}.
The other parts can be proved in similar ways. 
We can formulate the following 2-form
ω = dp ∧ dx+
∑
k∈Zodd
+
d(L
k
2n )+ ∧ dtk −
∑
k∈Zodd
+
d(L
k
2 )− ∧ dtˆk (20)
which satisfies
dω = 0, ω ∧ ω = 0. (21)
Further the following proposition can be derived.
Proposition 3.2. The dispersionless D type Drinfeld–Sokolov hierarchy is equiv-
alent to the following exterior differential equations.
dL ∧ dM = dL ∧ dMˆ = ω. (22)
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Proof The proof is standard and one can check the similar proofs in
[11, 29]. 
One can prove the following antisymmetric property of the dispersionless
Orlov-Schulman operators M and Mˆ,
M(−p) = −M(p), Mˆ(−p) = −Mˆ(p). (23)
For dispersionless D-type Drinfeld-Sokolov hierarchy, we define
Bm,l = (M−Mˆ)
mLl, m ∈ Zodd+ , (24)
and it is easy to check that
Bm,l(−p) = −Bm,l(p), m ∈ Z
odd
+ . (25)
That means it is reasonable to define additional flows of the dispersionless D
type Drinfeld–Sokolov hierarchy as
∂L
∂cm,l
= {−(Bm,l)−,L}, m ∈ Z
odd
+ , l ∈ Z+. (26)
The action of above additional flows on ϕ, ϕˆ should be as the following
∇cm,l,ϕϕ = −(Bm,l)−, ∇cm,l,ϕˆϕˆ = (Bm,l)+. (27)
Further we can get the following identities hold
∂M
∂cm,l
={−(Bm,l)−,M},
∂Mˆ
∂cm,l
={(Bm,l)+,Mˆ}, m ∈ Z
odd
+ , l ∈ Z+. (28)
The commutativity between different flows is a crucial property of integrable
system. We shall show that additional flows defined by eq. (26) are commutative
with flows of the dispersionless D type Drinfeld–Sokolov hierarchy (see the
following proposition).
Proposition 3.3. The additional flows in eq. (26) can commute with the orig-
inal flow of dispersionless Drinfeld–Sokolov hierarchy of type D, namely,[
∂
∂cm,l
,
∂
∂tk
]
= 0,
[
∂
∂cm,l
,
∂
∂tˆk
]
= 0, m, k ∈ Zodd+ , l ∈ Z+
which hold in the sense of acting on L.
Proof According to the definition, direct calculations can lead to
[∂cm,l , ∂tk ]L = ∂cm,l(∂tkL)− ∂tk(∂cm,lL),
= −∂cm,l{(L
k
2n )−,L}+ ∂tk{((M−Mˆ)
mLl)−,L}
= {−(∂cm,lL
k
2n )−,L} − {(L
k
2n )−, (∂cm,lL)}
+{[∂tk((M−Mˆ)
mLl)]−,L}+ {((M−Mˆ)
mLl)−, (∂tkL)}.
Using eq. (11) and eq. (19), it equals
[∂cm,l , ∂tk ]L={{((M−Mˆ)
mLl)−,L
k
2n}−,L}+{(L
k
2n )−, {((M−Mˆ)
mLl)−,L}}
+{{(L
k
2n )+, (M−Mˆ)
mLl}−,L}−{((M−Mˆ)
mLl)−, {(L
k
2n )−,L}}
={{((M−Mˆ)mLl)−,L
k
2n}−,L} − {{(M−Mˆ)
mLl, (L
k
2n )+}−,L}
+{{(L
k
2n )−, ((M−Mˆ)
mLl)−},L}
=0.
6 CHUANZHONG LI, JINGSONG HE, YUCAI SU
The other cases of this proposition can be proved in similar ways. 
Proposition 3.3 indicates that eq. (26) is a symmetry of dispersionless D type
Drinfeld-Sokolov hierarchy. Thus the flows in eq. (26) are called additional
symmetry flows of the dispersionless D type Drinfeld-Sokolov hierarchy.
In order to have a better understanding of the properties of the additional
symmetry flows, it is necessary to determine their algebraic structure. Using
same techniques as in [19], the following theorem can be derived.
Theorem 3.4. The flows in eq. (26) about additional symmetries of disper-
sionless D type Drinfeld-Sokolov hierarchy compose the following Block (or
Hamiltonian) type Lie algebra
[∂cm,l , ∂cs,k ] = (km− sl)∂cm+s−1,k+l−1 , m, s ∈ Z
odd
+ , k, l ∈ Z+, (29)
which holds in the sense of acting on L.
Proof By using eq. (26) and eq. (28), we get
[∂cm,l , ∂cs,k ]L = ∂cm,l(∂cs,kL)− ∂cs,k(∂cm,lL)
= −∂cm,l{((M−Mˆ)
sLk)−,L}+ ∂cs,k{((M−Mˆ)
mLl)−,L}
= −{(∂cm,l(M−Mˆ)
sLk)−,L} − {((M−Mˆ)
sLk)−, (∂cm,lL)}
+{(∂cs,k(M−Mˆ)
mLl)−,L}+ {((M−Mˆ)
mLl)−, (∂cs,kL)},
which further leads to
[∂cm,l , ∂cs,k ]L
= −{
[
(∂cm,l(M−Mˆ))(M−Mˆ)
s−1Lk + (M−Mˆ)s(∂cm,lL
k)
]
−
,L}
−{((M−Mˆ)sLk)−, (∂cm,lL)}
+{
[
(∂cs,k(M−Mˆ))(M−Mˆ)
m−1Ll + (M−Mˆ)m(∂cs,kL
l)
]
−
,L}
+{((M−Mˆ)mLl)−, (∂cs,kL)}
= {[(sl − km)(M−Mˆ)m+s−1Lk+l−1]−,L}
= (km− sl)∂cm+s−1,k+l−1L.

As indices m, s in eq. (29) can only take values in odd numbers, the algebra
is a subalgebra of the Lie algebra considered in [16], which is a Block type
Lie algebra as well as a special case of Hamiltonian type Lie algebras (see,
e.g., [20, 21]). The above results together with that on [19] shows that the
Block (or Hamiltonian) type Lie algebras appear not only in dispersionless Toda
type systems (dispersionless bigraded Toda hierarchy) but also in dispersionless
KP type integrable systems (dispersionless D type Drinfeld-Sokolov hierarchy).
These results also provide a strong support of the universality of Block (or
Hamiltonian) type infinite dimensional Lie algebra in integrable hierarchies.
To see these Block (or Hamiltonian) symmetry flows more clearly, we give
one example about a specific Block (or Hamiltonian) symmetry flow equation
in the next subsection.
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3.2. Example of Block (or Hamiltonian) symmetry flow. Here we con-
sider the dispersionless D type Drinfeld-Sokolov hierarchy when n = 1, i.e. the
hierarchy with Lax function as
L = p2 + u+ ρ2p−2. (30)
As the first simplest nontrivial example, we shall discuss Block (or Hamiltonian)
symmetry flow when m = l = 1 in eq. (26), i.e.
∂L
∂c1,1
= {−(B1,1)−,L} = {−((M−Mˆ)L)−,L}. (31)
To avoid confusion, we denote different fractional functions (L
k
2n ,L
k
2 ) when
n = 1 as (L
k
2 ,L
kˆ
2 ) respectively. From eq. (16) and eq. (17), one can easily get
((M−Mˆ)L)− =
xL
1
2
2
+
∑
k∈Zodd
+
vkL
− k
2 +
∑
k∈Zodd
+
k
2
tkL
k
2 +
1
2
∑
k∈Zodd
+
ktˆkL
kˆ
2 .
From dressing structure eq. (12) and eq. (16), the following relations between
u, ρ and v1, v3 can be derived
u = −2ω1x = 4v1x, v3 = −
ω1ω1x
4
−
3
2
ω3, ρ
2 = ω1ω1x − 2ω3. (32)
Suppose L only depends on x, t1, tˆ1, c1,1, then we can get
∂L
∂c1,1
= {−
(x+ t1)L
1
2
−
2
− v1L
− 1
2 − v3L
− 3
2 −
1
2
tˆ1L
1ˆ
2
−,L}
= {−
(x+ t1)L
1
2
−
2
− v1L
− 1
2 − v3L
− 3
2 −
1
2
tˆ1ρp
−1,L}
=
u
2
+
(x+ t1)
2
∂t1u+ 2v1x + tˆ1ρx (33)
+ (
(x+ t1)
2
∂t1(ρ
2) + 2v3x +
1
2
tˆ1ρux)p
−2.
which further leads to the following additional coupled flow equations over
dynamic variables u, ρ
∂u
∂c1,1
= u+
(x+ t1)
2
∂t1u+ tˆ1ρx, (34)
∂ρ
∂c1,1
=
3ρx
2
+
(x+ t1)
2
∂t1ρ+
1
4
(u2 + ux
∫
udx)ρ−1 +
1
4
tˆ1ux. (35)
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